A proper vertex coloring of a graph is acyclic if every cycle uses at least three colors [16] . Acyclic colorings turned out to be useful in obtaining results about other types of colorings; for a survey see the monographs [19, 17] . Borodin [3, 4] proved Grünbaum's conjecture that every planar graph is acyclically 5-colorable, improving the earlier bounds 9, 8, 7 and 6 due to Grünbaum [16] , Mitchem [22] , Albertson and Berman [2] , and Kostochka [20] , respectively. The bound 5 is the best possible; moreover, there are bipartite 2-degenerate planar graphs which are not acyclically 4-colorable [21] .
Borodin et al. [7] proved that every planar graph is acyclically 7-choosable, and conjectured a common extension of Borodin's [4] and Thomassen's results [27] :
Conjecture 1. Every planar graph is acyclically 5-choosable.
However, this challenging conjecture seems to be difficult. As yet, it has been verified only for several restricted classes of planar graphs: those without 4-cycles and 5-cycles, or without 4-cycles and 6-cycles [25] , with neither 4-cycles nor two 3-cycles at distance less than 3 [13] , and with neither 4-cycles nor chordal 6-cycles [31] .
Some sufficient conditions are also obtained for a planar graph to be acyclically 4-colorable and 3-colorable or choosable. The minimal k with the property that a graph G is acyclically k-colorable (acyclically k-choosable) is denoted by a(G) (by a l (G)).
In particular, Borodin et al. [6] showed that if G is a planar graph of girth g then a(G)
Note that the first of these results is the best possible in terms of girth due to the construction by Kostochka and Mel'nikov [21] .
Recently, a l (G) ≤ 3 was proved if g ≥ 7 [11] or if G has no cycles of length from 4 to 12 ([9] and, independently, [18] ).
Borodin and Ivanova [12] proved that a l (G) ≤ 3, assuming the absence of cycles of length from 4 to 11.
The bound a l (G) ≤ 4 was proved in the following cases: if g ≥ 5 [23] , or if G has no 4-cycles, 5-cycles and 6-cycles [24] , or no 4-cycles, 6-cycles and 7-cycles, or else no 4-cycles, 6-cycles and 8-cycles [14] . Borodin [10] proved that a(G) ≤ 4 for G having neither 4-cycles nor 6-cycles.
A cycle is called triangular if it is adjacent to a 3-cycle other than itself. The purpose of this paper is to give the following sufficient condition for a planar graph to be acyclically 4-choosable, which obviously covers the above-mentioned results in [23, 24, 14, 10] .
Theorem 2. Every planar graph without 4-cycles and triangular 6-cycles is acyclically 4-choosable.

Proof of Theorem 2
Suppose that a plane graph G with a list L is a counterexample to Theorem 2 on the fewest vertices. Clearly, G is connected and has no 1-vertices. By F (G), d (v) , and r(f ) we denote the set of faces of G, the degree of a vertex v, and the size of face f , respectively. From Euler's formula |V (G)| − |E(G)| + |F (G)| = 2, using the well-known relations
We set the initial charge of every vertex v ∈ V (G) and face f ∈ F (G) to be ch(v) = 2d(v) − 6 and ch(f ) = r(f ) − 6, respectively. Note that only 2-vertices and 3-faces and 5-faces have negative initial charge, −2, −3, and −1, respectively.
Then we use a discharging procedure leading to a final charge ch * such that
Based on the structural properties of G, we shall get a contradiction by proving that ch * (x) ≥ 0 for every x ∈ V (G) ∪ F (G).
Structural properties of the minimum counterexample
A vertex or edge is called triangular if it is incident with a 3-face. A vertex of degree at least k or at most k is a k + -vertex or a k − -vertex, respectively, and similar notation is used for the faces. Clearly, G has no triangular 2-vertices. Note that no 3-face can be adjacent to a 3-face, 5-face, or 6-face since G has neither 4-cycles nor triangular 6-cycles. The number of 3-faces incident with a vertex v is denoted by τ (v);
A triangular 3-vertex joined to a vertex v by a non-triangular edge is a bad neighbor of v, and the number of bad neighbors of v is β(v). By ν k (v) we denote the number of k-vertices adjacent to v.
Proof. Suppose that v has a bad neighbor x. Denote the neighbors of v by v 1 , v 2 , x in a clockwise order, and let x belong to a 3-face xyz, which is also oriented clockwise. By the minimality of G, graph G \ {x} has an acyclic 4-coloring c obeying list L. Without loss of generality, assume that c(y) = 1, c(z) = 2.
We are easily done if c(v) ∈ {1, 2}, so suppose that c(v) = 1. If L(x) has a color that does not appear on the neighbors of v and x, then we are done by coloring x with that color.
Thus, we can assume that v 1 and v 2 have colors 3 and 4, respectively, and
So suppose that L(v) = {1, 2, 3, 4}. If there is no bicolored (1, 3)-path between v 1 and y, then we can color x with 3. Otherwise, there is no bicolored (2, 4)-path between v 2 and z, and we can put c(x) = 4, c(v) = 2.
Lemmas 2 and 3 below (in slightly different form) were proved in [6] for acyclic 4-colorings, and in [23] their proofs were transferred to acyclic 4-choosability without substantial changes. These proofs in [6, 23] also work without changes in the more general case of Theorem 2, where 3-cycles are present but are disallowed to be adjacent to 3-cycles and 6-cycles.
Lemma 2 ([6,23]). Each vertex v in G has the following properties:
( 
A weak vertex is either a vertex of degree 3 or a 4-vertex v such that ν 2 (v) = 1 and ν 3 (v) ≥ 1.
Lemma 3 ([6,23]). Each non-triangular 3-vertex is adjacent to at most one weak vertex.
Lemma 4 ([24]). No 4-vertex v with ν 2 (v) = 1 is adjacent to a triangular 3-vertex.
The idea of the next lemma comes from [25] .
Lemma 5 ([14]). No weak 4-vertex v 4 is incident with a 5-face
v 1 v 2 v 3 v 4 v 5 such that d(v 3 ) = 3 and d(v 5 ) = 2.
Lemma 6 ([24]).
There is no 5-vertex v such that ν 2 (v) = 3 and τ (v) = 1.
Lemma 7 ([24]). If xyz is a 3-face such that d(x)
= d(y) = 3, then d(z) ≥ 5.
Completing the proof of Theorem 2.
We discharge the vertices and faces of G as follows.
R0: Each 7
+ -face gives charge 1 7 to every incident edge. This 1 7 further goes to the adjacent 3-face if xy is triangular; otherwise: (i) 6 5 if r(f 1 ) = r(f 2 ) = 5,
(ii) 11 10 if r(f 1 ) = 5 while r(f 2 ) ≥ 6, and (iii) 1 if r(f 1 ) ≥ 6 and r(f 2 ) ≥ 6. R2: Suppose that edge xy is incident with faces f 1 and f 2 , where x is a non-triangular 3-vertex while y is non-weak; then y gives x the following charge:
(i) 3 10 if r(f 1 ) = r(f 2 ) = 5, and
(ii) 1 5 if r(f 1 ) = 5 while r(f 2 ) ≥ 6.
R3: Every 5-face gets 1 5 from every incident vertex.
R4
: If x is a bad neighbor of v then v gives 1 2 to 3-face xyz.
R5: Every 3-face f = uvw gets the following charge from a 4 + -vertex v:
(i) 1 if f is incident with a 3-vertex, and (ii) 6 7 otherwise. Now check that ch * (x) ≥ 0 for every
≥ 0 by R0. If r(f ) = 6 then f is a non-triangular face and does not participate in discharging, which implies that ch * (f ) = ch(f ) = 0. If r(f ) = 5 then f is also non-triangular, and we have
Recall that f gets 3 7 from adjacent faces by 
Recall that v must give 1 5 to each incident 5-face by R3. 
Recall that v has at least two non-weak neighbors by Lemma 3 , and that each of them gives v either 3 10 , or 1 5 , or 0 by R2. by R0 and gives 6 7 to the incident triangle by R5(ii). Also, v gives 1 5 to its 5-face and 11 10 to its 2-neighbor. Thus, ch * (v) ≥ 2 + In what follows, to shorten our case analysis we use the following observation based on the properties of the discharging according to rules R1-R5. It gives us a rough estimation of the total expenditure of a 5 + -vertex, which will be strengthened whenever necessary by applying additional information.
Remark 1.
To estimate the total donation of a 5 + -vertex v by R1-R5, imagine that each 3-face or 5-face . . . uvw . . . shares its charge received from v, which is either at most 1 or 1 5 , respectively, evenly between u and w. Since no 3-face is adjacent to a 3-face or 5-face, it follows that each 2-neighbor will get from v at most 6 5 
while each other neighbor will get at most 3 10 
, but we can improve the lower bound
by arguing more carefully.
If v is adjacent to a 4 + -vertex z along a non-triangular edge, then the actual modified donation of v to z is at most 2 × 1 10 rather than 1 2 included in the formula for ρ(v), which implies that ch
= 0. Thus, from now on we can assume that every non-triangular edge from v leads to a 3 − -vertex. Let us subdivide the neighbors of v into two subsets. We say that a neighbor u of v is of type 1 either if edge vu is triangular or if u is a bad neighbor of v (note that then edge uv cannot be incident with a 5-face or 6-face). Otherwise, edge uv is non-triangular and It is not hard to see that, if there is a 3-face T = xvy or v has a bad neighbor b, then there exist at least two special faces at v. Indeed, consider the longest clockwise sequence S 1 of non-special 7 + -faces around v, starting from face xv . . . (where T is oriented clockwise) or bv . . ., respectively. Since ν 2 (v) = 2 by assumption, it follows that our S 1 will end in a special face.
The same is true for the counterclockwise sequence S 2 that starts from a 7 + -face yv . . . or bv . . .. Clearly, the two terminal special faces obtained this way are distinct. Note that every special face saves 1 10 on edge vw and also brings 1 7 to v by R0(i), So, after discharging according to rules R0-R5 the charge of each vertex and face of G is non-negative, contrary to (1).
